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SIMULATION OF SURFACE AND INTERNAL WAVE-PACKETS 
AND WIND WAVES IN TWO-LAYERED FLUID

N a r a d o v y  V ., A v r a m e n k o  O .

Проблема поширення внутрішніх і поверхневих хвиль у гідродинамічній системі "шар з 
жорстким дном -  шар з вільною поверхнею" з урахуванням вітрових хвиль досліджена 
методом чисельного моделювання.

The problem o f propagation o f internal and surface waves in the hydrodynamic system "layer 
with rigid bottom -  layer with free surface" taking into account wind waves is considered by 
the method o f numerical simulation.

In tr o d u c t io n . T he stud y ing  o f  w a v e  p ro cesse s  in d ifferen t flu id  sy stem s is  one  

o f  the m o st actual prob lem s o f  h yd rod ynam ics. A n d  in  the recen t m om en t, m ore and  

m ore num erica l sim u lation s and exp erim en ta l research es are attached  to  a large  

num ber o f  ana ly tica l th eoretica l w orks.

E xp erim en ta l stu d y in g  o f  the in teraction  o f  internal and surface w a v e s  and fie ld  

ob servation s o f  th ese  p ro cesse s  in v o lv e s  various op tica l m eth od s and radar an a lysis , 

u sin g  sp ec ia l eq u ip m en t that is  in sta lled  on  airplanes and sa te llites  [4, 5].

M eth od s and approaches to  study the d yn am ics o f  internal gravity  w a v e s  are 

presen ted  in  [1]. T h ese  tech n iq u es co m b in e  s im p lic ity  and rela tive p ro cess in g  p ow er  

ex p ected  to  prov id e an alytica l resu lts and con d u ct their qualitative an alysis.

S tu dying  o f  generation  o f  internal w a v e s  on  the boundary o f  the con tin en ta l 

s h e lf  and their research  u sin g  sa te llite  ob servation s are carried out in  [6]. D ev ia tio n s  

o f  the ocea n  surface w ere  interpreted as surface spots that occu r during the  

propagation  o f  internal w a v e  packets.

A rtic le  [7] is  d ev o ted  to  fu ll-sca le  ob servation  o f  so litary  internal w a v e s  w ith  

large am plitude in  the South  C hina Sea. T he link  b etw een  tidal currents and the 

em ergen ce  and spread o f  gravitational w a v e s  has b een  exp erim en ta lly  confirm ed.

U sin g  o f  a sp ec ia l spectrom eter to  record  M O D IS , internal w a v e s  in  the South  

C hina Sea , in  the A tlan tic  O cean  b etw een  B razil and W est A frica , in  the equatorial 

Indian O cean , in  the eastern  equatorial P a c ific  are d escrib ed  in  [4].
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A n  exp erim en ta l te c h n o lo g y  u sin g  o f  m icro w a v e  sen sors for stud y ing  the  

internal w a v e  p ack ets is  d escrib ed  in  [5]. It a llo w e d  n eu tra lizin g  the im pact o f  

w eath er con d ition s on  observation .

In th is article, the p rob lem  o f  propagation  o f  internal and surface w a v e s  tak ing  

in to  accou n t w in d  w a v e s  in  the tw o -la y ered  h ydrodynam ic sy stem  w ith  rig id  bottom  

and free surface is  con sid ered  b y  the m eth od  o f  n um erica l sim ulation .

1. S ta te m e n t  o f  th e  p r o b le m . T he m ath em atica l statem ent o f  the p rob lem  for  

w a v e-p a ck et propagation  a lo n g  the in terface b e tw een  the upper layer w ith  free  

surface and a lo w er  layer w ith  rig id  b ottom  is p resen ted  in  the form

У 2ф j =  0 in  Q j ,

Л,, -  Ф,,z =  - а Ф,,xЛ,x at z  =  а л ( x t ) ,

Л0,/ Ф2, z =  - а Ф2, xЛo, x at z  =  а Л0 ( x t ) , (1 )

2 2 / \  —3/2

Ф 1,, Р Ф 2,, +  ( 1  - р ) Л +  0 . 5 a  ( ^ Ф 1 )  - р ( ^ Ф 2 )  -  T  ( 1 +  a  2r f x  )  Л , xx =  0

at z  =  а Л (  x , t ) ,

Ф2,, +  Л0 +  0 .5 а  (^ Ф 2 ) 2 -  T0 ( 1 +  a 2Л02,x ) 3 2 Л0,xx =  0 at z  =  а Л0 ( x >t ) ,

Ф1 z =  0 at z  =  - h 1,

w here Фj ( j  =  1 ,2 )  are the v e lo c ity  poten tia ls; л  and л 0 are the e lev a tio n s  o f  the 

in terface and the free surface; , is  ratio o f  flu id s d en sities; а  =  a  /  L  is  the
~ P  =  П 9  / P 1 ~

n on lin earity  co e ffic ien t; the low er  flu id  layer Q 1 =  { (x , z ) :  |x| < да, -  h1 <  z  < 0 }  and the 

upper flu id  layer o f  Q 2 = { ( x , z ) :  |x| <да , 0 <  z  <  h2} . D im e n s io n le ss  v a lu es  w ere

in troduced  u s in g  the characteristic length  L , the m ax im al free surface e lev a tio n  a , 

d en sity  o f  the lo w er  flu id  , the acce leration  o f  the gravity  g .

2 . A n a ly t ic a l so lu t io n s  a n d  n u m e r ic a l s im u la tio n . T he so lu tion s o f  the  

n on lin ear p rob lem  (1 ) are determ ined  u sin g  the m eth od  o f  m u ltip le  sca le  exp an sio n s  

up to  the third-order ap proxim ation  [2]. In [2, 3] for th is p rob lem  is rece iv ed  

d isp ersion  equation
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® 2 cth(kh1) +  рю 2
Ю -  (k  +  T0k  )cth (kh2) 

ю 2 cth(kh2) -  (k  +  T0k 3)
=  (1 - p ) k  +  T k3 (2 )

T he d isp ersion  equation  (2 ) has tw o  pairs o f  roots ±ю13 and ±ю2,4 corresponds to  the

freq u en cies o f  internal and surface w a v es . For each  pair o f  roots can  b e w ritten  b y  

in d ep en d en t so lu tion s to  the p rob lem  (1 )

f o r  Ю—

г(—) = A  sin(kx -  ю / ) ,  r0— =( i )  _ Ю,
ch(kh2) -  (k  +  T0k  )sh (k h 2)

A sin (k x  -  ю / ) , (3 )

f o r  ю2

Г 1
(2 ) ro2ch(kh2) -  (k  +  T0k  ) sh (kh 2)

B  sin(kx -  ro2t) ,  r02) =  B  sin (kx  -  ® 2t ) ,
ю .

(4 )

w here A  is  am plitude o f  internal p ro g ressiv e  w a v e  r|(1), B  is  am plitude o f  surface  

p rogressive  w a v e  r 0 1 . The d ev ia tion  o f  the con tact surface and the free surface are 

g iv e n  as fo llo w s

Го— = r 0—+ r 0?. (5 )

L e t’s con sid er the w a v e-p a ck ets  are co n sistin g  o f  three d ifferent w a v e s  w ith  c lo se  

len g th s v a lu es

3 3

r  = E r i (k, ) , Го = Z r 0 i(ki) ,

Гі = Г((1) + r (2) :

i=1 i=1

w here r — and r 01 determ ined  b y  (5 ), k— < k2 < k3 .

Fig. 1. Internal and surface wave-packets at time moments: 

а) t = 0; б) t = 109
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Fig.2. Internal and surface wave-packets with considering wind waves at time moments:

а) t = 0; б) t = 6; в) t = 109; г) t = 151

O n the F ig . 1, w a v e-p a ck ets  are p resen ted  at d ifferent tim e m om en ts for the 

fo llo w in g  param eters o f  the sy stem  A 1 =  0 .1 ,  A° =  0 .0 3 , h1 =  1 0 , h2 =  1, p =  0 .9 ,  

T  =  0 .0 0 0 1 , T0 =  0 .0 1 , k1 =  0 .0 9 5 ,  k2 =  0 .1 , k3 =  0 .1 0 5 .

A s  it is  sh o w n  on  F ig .2 , the a va ilab ility  o f  w in d  w a v e s  leads to  the sm o o th in g  

boundaries b e tw een  groups o f  w a v e s  on  the con tact surface. T he m o d e l m ak es it 

p o ssib le  to  estab lish  qualitative patterns o f  surface and internal w a v e  propagations.

The an a lysis  o f  ana ly tica l so lu tion s for d ifferent geom etr ica l and p h y sica l 

param eters o f  the sy stem  is ob ta in ed  in  [3]. T he occurrence o f  w a v e s  resp o n ses  on  the  

contact surface and the free surface w ere  taken  into  account. T he em ergen ce  o f  su ch  

w a v e s  takes p la ce  in  the real con d ition s and it w a s  con firm ed  b y  severa l observation s. 

A n a ly tica l resu lts a llo w  carrying out a qualitative a n a lysis  o f  the m otion  o f  internal 

w a v e s  on  the b asis  o f  the study o f  surface w a v es.

C o n c lu s io n s . T he a n a lysis  o f  the p rob lem  o f  propagation  o f  internal and  

surface w a v e s  tak ing  into  accou n t w in d  w a v e s  in  the hyd rod ynam ic sy stem  "layer 

w ith  rig id  b ottom  - layer w ith  free surface" b y  the m eth od  o f  n um erica l sim u lation
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exp erim en t w a s  carried out. It w a s  ob ta in ed  that the a va ilab ility  o f  w in d  w a v e s  leads  

to  the sm ooth in g  o f  boundaries b e tw een  groups o f  w a v e s  on  the contact surface.
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